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A Sinp, l e -Crys ta l  Neutron  Diffraction Study of Heavy  Ice* 

BY S. W. PETERSON AND HENRI A. LEVY 
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(Received 9 August 1956) 

Neutron diffraction measurements of the hO1 reflections of crystalline D20 at --50 ° C. and -- 150 ° C. 
are consistent with the disordered model of Pauling. The O-D distances are both 1-01 A and the 
D-O-D angles are close to tetrahedral. Analysis of the thermal parameters resulting from a com- 
plete least-squares refinement of the structure clearly demonstrates anisotropy of deuterium 
motion, and yields values for the amplitude of the O-D stretching vibration consistent with the 
frequency of this motion. 

I n t r o d u c t i o n  

While the symmetry, unit cell, and oxygen-atom ar- 
rangement of ice were determined in an X-ray study 
by Barnes (1929), the hydrogen-atom arrangement has 
eluded an experimental determination and has drawn 
a great deal of theoretical interest. A detailed review 
of work to 1951 has been prepared by Owston (1951). 
The most important evidence concerning the hydrogen 
arrangement is doubtless the residual entropy found 
by Giauque & Ashley (1933) and its interpretation in 
terms of structural disorder by Pauling (1935). In 
Pauling's model, one hydrogen atom is assumed to 
lie on each line connecting adjacent oxygen atoms, 
closer to one oxygen atom than to the other. Only 
two hydrogen atoms are situated close to any one 
oxygen. All configurations compatible with these 
restrle~ions are assumed equally probable. The result- 
ing structure conforms statistically to the symmetry 
and unit cell described by Barnes (1929) and the 
'average' structure, which determines the Bragg dif- 
fraction pattern, may be specified by assigning a ha l l  
hydrogen atom to each of the 4N sites contained 
within an array of N oxygen atoms. The neutron 
diffraction study of Wollan, Davidson & Shull (1949) 
gave results consistent with this 'half-hydrogen' 
description, and discriminated against several alter- 
native models. 

Two studies have recently caused reconsideration of 
the correctness of this model. Measurements by Ross- 
mann (1950) appeared to indicate that ice crystals, 
when 'untwinned', are piezoelectric. Approximate cal- 
culations by Bjerrum (1952) of the mutual electro- 
static energy of the several arrangements of neighbor- 
ing water molecules in ice indicated differences in 
energy sufficient to make untenable Pauling's assump- 
tion of equal probability. Stimulated by these studies, 
Rundle (1953) has suggested a polar model of ice 
which would provide residual entropy, though not 
quantitatively that  observed (Lipscomb, 1954; Rundle, 

1954). Owston (1953) has devised structures of mono- 
clinic symmetry which conform to Bjerrum's stable 
arrangements. 

Piezoelectricity in ice has remained unconfirmed 
and now appears to have been erroneous (Mason & 
Owston, 1952; Steinemann, 1953). Very recently, Pitzer 
& Polissart (1956) re-examined Bjerrum's calculation 
and were able to demonstrate that  his conclusions are 
largel:~ negated when certain additional interactions 
neglected by Bjerrum are included. 

The chief structural evidence available for a test 
of the various proposals has been the neutron diffrac- 
tion data of Wollan et al. (1949) but these data, be- 
cause they are derived from powder measurements of 
poor resolution, have proved to be quite inadequate 
for the purpose. The single-crystal neutron diffraction 
method has been shown (Peterson & Levy, ]951) to 
be capable of providing a greater abundance of data 
with excellent resolution, and in addition makes pos- 
siblc application of improved methods of refinement. 
This paper reports on the application of the single- 
crystal method to the problem of the ice structure. 
The results support the half-hydrogen description of 
the ice structure and thus are consistent with the 
Pauling model. 

U n i t  cel l  and  s p a c e  g r o u p  

X-ray studies (Barnes, 1929) assigned ice to the 
hexagonal space group D~h-C6/mmc. Oxygen atoms 
were placed in the fourfold positions (f) (International 
Tables~ 1952): 

+(~,~ ~ 1 ~, z; ~, 3, ½+z) with z assigned a value of 1 .  

Hydrogen or deuterium atoms are assigned, in the 
Pauling model, 4 half atoms to positions (f) and 12 
half atoms to the 12-fold two-parameter positions (k): 

i ( x ,  2x, z; x, ~, z; 2~, ~, z; x, 2x, ½-z; 
x, ~, ½-z; 2~, ~, ½-z). 

* Based on work performed under the auspices of the United t Thanks are due Prof. Pitzer for the opportunity to see 
States Atomic Energy Commission. this contribution prior to publication. 
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The oxygen a toms and  the  deuter ium atoms in posi- 
t ions (f) ,  henceforward designated 1)1, lie on three- 
fold axes. The remaining deuter ium atoms, designated 
1)9, lie in mirror  planes. 

In  the  Rundle  polar  model of ice the space group is 
C~v, which gives the  same extinctions as D~h. In  this 
model oxygen a toms  are assigned to two sets of two- 
fold positions (b). The ordered hydrogen atoms are 
assigned to another  set (b) and  the  disordered hydro- 
gens are assigned to two sets of 6-fold positions (c) 
with ½ hydrogen to each and  to a set of 12-fold posi- 
tions (d) with ~ hydrogen  to each. 

Axial  lengths were interpolated from those reported 
by  Megaw (1934) and  Vegard  & Hillesund (1942) to 
yield the following values a t  the  tempera tures  of these 
studies*: 

a c 
- 50 ° C. 4-513 A 7.355 A 
- 150 ° C. 4-489 7.327 

E x p e r i m e n t a l  

Heavy-ice  crystals  were grown in test  tubes placed in 
an  insulating block in a cold chest. The frozen cylinders 
were examined in polarized light, and single-crystal 
port ions were located. A single-crystal section of an 
appropr ia te  size was mounted  on a goniometer head 
and  examined in a neut ron  beam while chilled in a 
s t ream of cold ni t rogen gas af ter  the method  of Post,  
Schwartz  & Fankuehen  (1951). The specimen was 
oriented with an [01.0] axis vert ical  and shaped ap- 
proximate ly  to a cylinder, about  4 ram. in d iameter  
by  12 mm. high, with the  cylinder and zone axes 
coinciding. Complete [01.0] zone da t a  were then  col- 
lected out to sin 0/)l = 0-75 with ~t = 1.062 J~. Measure- 
ments  were made  a t  t empera tures  of - 5 0  ° C. and 
- 1 5 0  ° C. ; the  t empera tu re  was recorded throughout ,  
and  the extreme var ia t ion  was less t han  ±5  ° C. D a t a  
collection was carried out  in a fashion previously 
described (Peterson & Levy,  1952), except t h a t  re- 
or ientat ion of the crystal  for the  various reflections 
was au tomat ica l ly  accomplished by use of a crystal  
ro ta to r  and associated t iming circuits which have been 
developed in this laboratory.  D a t a  collection took place 
over  a period of about  one week at  each tempera ture .  
Several  reflections were checked at  the beginning and 
end of the measurement  to insure t h a t  the diffracted 
intensities were cons tant  within experimental  error 
over  this period. 

The hexagonal  s y m m e t r y  of ice was confirmed in 
prel iminary measurements  by  checking the equal i ty  
of neutron intensi ty  of equivalent  reflections of the 
type  (hk.O) related by 60 ° rotat ions,  using a specimen 
with [00.1] zone axis vertical. The space-group ab- 
sences of D~h were checked and found to be absences 
for  neutron diffraction also. Some explorat ion was 

* Since the reported values appear to be somewhat non- 
concordant, the interpolated values are considered significant 
only to about 0.005 /k. 

made  for possible superlat t ice reflections bu t  none 
was found. Thus ordered asymmetr ica l  s t ructures  of 
the  type  suggested by  Owston (1953) associated with 
an enlarged unit  cell of lower t h a n  hexagonal  sym- 
me t ry  are rendered improbable.  

P r e l i m i n a r y  t r e a t m e n t  o f  d a t a  

- 5 0  ° C. data 

Observed s t ructure  factors  were derived from mea- 
sured integrated intensities in the  usual  way,  and a 
prel iminary scale of absolute intensities was established 
by normalizat ion to the  average of (100) and (101), 
which are quite insensitive to the  model assumed. 
Comparison of this set of exper imental  s t ructure  
factors with those calculated for half-hydrogen and 
Rundle- type  models (using an assumed O - H  distance 
of 0.96 A) was made,  and it was a t  once apparen t  t h a t  
the  Rundle  model was not  tenable  whereas the  half- 
hydrogen model showed promise of successful refine- 
ment .  Table 1 shows this comparison for the reflections 

Table 1. Comparison of observed structure factors with 
those computed for Pauling and Rundle models 

hOl Pauling model Rundle model Exp. (--50 ° C.) 

103 - -  1 . 4 7  - -  2.14 1.59 
203 1.02 1.38 1-08 
301 --0.22 0.77 0.22 
302 --0.65 0.91 0.65 
303 -- 0.59 0.97 0.60 
305 --0.77 1-08 0.72 
404 0.01 0-30 0.12 
405 -- 0.55 0.68 0-59 
109 0.25 0.32 0.24 
0,0,10 0-22 0-37 0.28 
505 0.21 0.41 0.18 

which are especially sensitive to model differences. 
There was little evidence of ext inct ion even for the  
most  intense reflections, as evidenced by  the agree- 
ment  between calculated and exper imental  s t ructure  
factors.  The Fourier  method  was then  applied; the  
assignment  of signs of the  exper imental  s t ructure  
factors was made  on the  basis of the  Paul ing model. 
:No modification funct ion was used since the  Fourier  
series appeared  to be fair ly well converged. Posit ion 
parameters  and t empera tu re  factors  were obtained by  
analysis of the  exper imental  map  and used in a new 
s t ructure-factor  calculation. The agreement  fac tor  
X[[Fo]-[Fc[[--Z[Fol at  this stage was approx imate ly  
13%. Several sign changes occurred and  a new ex- 
per imenta l  Fourier  m a p  was prepared  as well as a 
calculated map  for back-shif t  purposes. The back- 
shifted paramete rs  resulting from this stage of the  
analysis led to an agreement  factor  of 10%, omit t ing 
several weak terms whose signs were still undeter-  
mined. 

Several other  Fourier  syntheses, including a dif- 
ference synthesis in which oxygen a toms were re- 
moved,  were made  in an a t t e m p t  to refine the  para-  
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me te r s  f u r t h e r  b u t  t he  overa l l  resu l t  was an  ag reemen t  
f ac to r  of 9-5 %. A r e p r e s e n t a t i o n  of t he  f ina l  Four ie r  
m a p  is s h o w n  in Fig.  1. T h e n  t r i a l  va r i a t ions  of scale 
fac tor ,  d e u t e r i u m  sca t t e r ing  fac tor  a n d  ind iv idua l  a t o m  
t e m p e r a t u r e  fac tors  were carr ied ou t  sys t ema t i ca l ly ,  

l ead ing  to  an  i m p r o v e d  ag reemen t  fac tor  of 6.3 % in 
which  unobse rved  ref lect ions were inc luded  a t  ha l f  t h e  
m i n i m u m  observable  value.  A t t e m p t s  to  improve  t h e  
ag reemen t  a t  th i s  s tage  b y  a l lowing for a s y m m e t r y  
in  t e m p e r a t u r e  mo t ion  were unsuccessful .  

h I 

Co/4- ) / ~  
½o 

0 

N 
b a'~3 2a73 a ° 

Fig. I. Fourier projection along b of the scattering density 
in D20 ice at --50 ° C. The numerical values are the maxima 
of the density function in Fermi units (10 -13 cm.) per A 2. 
The abscissa is a sin 120 °. The contour interval is 0.25, 
zero contour omitted. The extreme variation of density in 
the background region is -t-0"16 to --0.15. 

- 1 5 0  ° C. data 
The  poss ib i l i ty  sti l l  r ema ined  t h a t  order ing of t h e  

ice s t ruc tu re  m i g h t  occur a t  lower t empera tu re s ,  
especia l ly  in  v iew of t he  considerable  changes  in  
phys ica l  proper t ies  t h a t  are k n o w n  to occur below 
- 5 0  ° C. Hence  a second heavy- ice  spec imen was  
prepared,  shaped  and  or iented,  a n d  an  en t i r e ly  in- 
d e p e n d e n t  set  of in tens i t i es  was measu red  a t  a t em-  
pe ra tu re  of - 1 5 0  ° C. This  spec imen was also invest i -  
ga t ed  for  hexagona l  s y m m e t r y  and  fo rb idden  reflec- 
t ions  and  no anomal ies  were noted.  The s t ronges t  
reflections,  n o t a b l y  (100), (002), (101) a n d  (004), 
showed evidence of ext incgion when  measured  on th i s  
specimen.  The  in tens i t i es  were a p p r o x i m a t e l y  nor- 
mal ized  a n d  expe r imen ta l  s t ruc tu re  fac tors  were deter-  
mined.  Di rec t  compar ison  of these  wi th  ca lcula ted  
s t ruc tu re  factors  based on P a u l i n g  and  R u n d l e  models  
aga in  def in i te ly  e l imina ted  the  l a t t e r  model  a n d  
showed excel lent  ag reemen t  w i th  the  former  one. The  
ag reemen t  fac tor  was low ( a p p r o x i m a t e l y  8?/0) f rom 

Table  2. Symmetry relations between 

Positions* h 2 

L t, ½--z 

(~) X, 2Z, Z ~11 
2g', .~, z fl22 
X, ,T, Z ~11 
~, 2X, ½--Z ~11 
2~, ~, ½-z  ~2~. 
X, ¥, ½--Z ~il 

parameters of positions (f)  and (k) of space group D4eh-C6/mmc 

k ~ l 2 hk kl lh 

~11 ~33 ~II 0 0 
~11 ~33 ~11 0 0 

thermal 

* Positions related to those listed by a center of symmetry have the same coefficients. 

Table  3. Parameters of the structure of ice and their standard errors 

Scale factor 
/D 
Zo 

ZDt 
XD2 
ZD2 
4~11(0)/bI 
4#3s(O)/b~ 
4~n(D1)/b~ 
4flsa(D1)/b~ 
4flll (Da)/b~ 
4f122(D2)/b~ 
4flaa(DQ/ba 2 
4 flal ( D~) /babt 

"Preliminary 
refinement 

1.000 
0.656 
0.0625 

0,200 
0.455 
0.0175 
2.30 
2.30 
2.90 
2.90 
2.90 
2.90 
2.90 

0 

--50 ° C. --150 ° C. 
^ ^ r 

Least-squares Preliminary Least-squares 
output refinement output 

0.975 4-0"031 1.000 1.005 ±0.021 
0.672 ±0.025 0.656 0.650 ±0.014 
0.0629 ± 0.0006 0.0625 0-0620 + 0.0004 

0.1989±0.0009 0,200 0.1980±0.0007 
0.4551 ± 0.0013 0.455 0.4545 4- 0"0009 
0.0182 ~ 0-0006 0.0175 0.0172 + 0.0004 
2.39 4-0.22 1.50 1.53 4-0-11 
2.29 ±0.17 1.50 1.48 4-0.10 
3.23 ±0.22 2.40 2.41 ±0.13 
2.97 ±0.28 2.40 1.81 ±0.12 
3.30 4-0.27 2.40 2.29 ::h0.21 
2.80 ±0.26 2.40 1.85 ±0.12 
3.05 I 0 . 1 5  2.40 2.43 ± 0 . 1 0  
0.48 ±0 .37  0 0.48 ± 0 . 1 8  
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t he  s ta r t  a n d  the  pos i t ion  pa r ame te r s  r equ i red  no 
revis ion f rom those  a t  t he  h igher  t empera tu re .  Trial  
var ia t ions  of t e m p e r a t u r e  factors  and  scale fac tor  were 
m a d e  which  led to an  a g r e e m e n t  factor  of 6.9 % omit-  
t ing  ex t inc t ion-a f fec ted  reflections.  

L e a s t - s q u a r e s  r e f i n e m e n t  

P a r a m e t e r s  o b t a i n e d  f rom bo th  sets of da t a  were 
s u b s e q u e n t l y  re f ined  fu r the r  by  a comple te  least- 
squares  t r e a t m e n t ,  va ry ing  all i n d e p e n d e n t  pos i t ion  
and  t e m p e r a t u r e  fac tor  paramete rs .  The analysis  was 
carr ied out  on a h igh-speed  electronic  compute r ,  t he  
Oracle, m a k i n g  use of a code deve loped  by W . R .  
Bus ing  and  H. A. L e v y  (unpubl i shed  work). Genera l  
a s y m m e t r i c  t e m p e r a t u r e  factors  of t he  form 

eXp -- [ (~11 h2 -~22]~ 2 -~- ~33/9 ~- ~12h]~ -~ ~23k/-~- ~31/h)] (1) 

were assumed.  For  t he  posi t ions occupied  in  ice, t he  
coefficients fl are cons t ra ined  by  s y m m e t r y  (Levy,  
1956), so t h a t  the re  are two i n d e p e n d e n t  coefficients 
for O and  D 1 and  four for D e. These re la t ionships  are 
l i s ted in  Table  2. I t  is a p p a r e n t  f rom the  t ab le  t h a t  
all t he  i n d e p e n d e n t  ~6's are d e t e r m i n a b l e  f rom hO1 
m e a s u r e m e n t s  alone. 

The  func t ion  R = ~w(hkl)(Fo(hkl)-Fc(hkl)) 2 was 
min imized ;  off-diagonal  t e rms  in t he  n o r m a l  equa t ions  
were included.  The  i n p u t  da t a  were we igh ted  according  
to  t he  fol lowing scheme.  The  var iance  of an i n t e g r a t e d  
i n t e n s i t y  m e a s u r e m e n t  was t a k e n  to be equal  to  t he  
to t a l  coun t  in a peak,  plus twice  t he  backg round  count ,  
plus the  q u a n t i t y  (0.02E) 2. The  l a t t e r  quan t i ty ,  which  
represen ts  a con t r ibu t ion  of 2 %  of t he  i n t e g r a t e d  
i n t e n s i t y  E to the  s t a n d a r d  dev ia t ion  of E,  was 
i n t e n d e d  to allow for i ncons t ancy  of t he  p r i m a r y  beam,  
errors in absorp t ion  correction,  and  the  like. The  ex- 
pression for t he  we igh t  of a m e a s u r e m e n t  was , then  

Whk~ = ~ ~-~ (E + 2B) + (0.02E) 2 , 

where  n is t he  n u m b e r  of repe t i t ions  of the  measure-  
men t .  

For  bo th  sets of data ,  unobse rved  ref lect ions were 
en t e r ed  a t  one-half  the  m i n i m u m  observable  value.  
I n  the  case of t he  - 1 5 0  ° C. data ,  an  ex t inc t ion  correc- 
t ion  was appl ied  to the  observed  structure, factors.  For  
this  purpose  it  was a s sumed  t h a t  t he  effect ive absorp- 
t ion  coefficient  was #+gE,  and  t he  cons tan t  g was 
chosen to give sa t i s fac tory  a g r e e m e n t  wi th  calcula t ion 
for (101) and  (004). Only  four ref lect ions (see Table  4) 
were apprec iab ly  affected.  I n  we igh t ing  the  observa-  
t ions  for t he  leas t -squares  re f inement ,  a t e r m  equal  to  
the  square  of 20?/0 of t he  ex t inc t ion  correct ion was 
a d d e d  to  t he  var iance  of E. 

The  we igh ted  leas t -squares  analyses  were carr ied 
ou t  for th ree  cycles wi th  56 observa t ions  and  the  14 
pa rame te r s  l is ted in Table  3. Changes on the  final  cycle 
were negligible.  Fol lowing the  final  cycle, the  ma t r i ces  

Table  4. Structure factors for D20 ice at - 5 0  ° C. and  
- 150 ° C. 

--50 ° C. - -  1 5 0  ° C .  

hO1 -~calc. ~-~exp.* ~W~calc. Fexp.* 
100 --3-11 2-87 --3"10 2"64 t 
002 4"26 3"99 4-25 4"57 t 
1 0 1  - -  1"92 1"99 - -  1"90 1"91 t 
102 -- 1"52 1"61 -- 1"56 1"50 
103 -- 1"47 1"55 -- 1"52 1"55 
200 0"77 0"88 0"75 0"81 
201 1"55 1"60 1"60 1"48 
004 3"17 3"14 3"28 3"31f 
202 1"86 1"79 1"90 1"74 
104 --1"11 1"20 --1"17 1"16 
203 1"01 1-05 1"12 1"18 
105 -- 1-84 1"83 -- 1"99 1"96 
204 1"52 1"52 1"63 1"56 
300 1"26 1-25 1"41 1"46 
301 --0"23 0"21 --0"25 0-28 
302 --0"64 0"63 --0"68 0"72 
006 1"02 0"98 1-17 1"15 
205 1"23 1"24 1"43 1"45 
106 --0"23 0"29 --0"28 0"34 
303 --0"61 0-59 --0"67 0"63 
304 --0"69 0"68 --0"80 0"78 
206 1"42 1"39 1"63 1"62 
107 -- 1"25 1" 16 -- 1"56 1"54 
400 -- 0"83 0"88 -- 1"06 1"04 
305 --0"79 0"70 --0"91 0"91 
401 --0"83 0"83 --1-01 1-02 
402 --0"14 0"17 --0"22 0-28 
207 0"72 0"73 0"99 0"95 
008 --0"64 0"65 --0"93 0"92 
403 --0"53 0"52 --0-69 0"72 
108 0"45 0"48 0"62 0-60 
306 -- 1"19 1"14 -- 1"47 1"47 
404 0"03 < 0"12 0"07 0"15 
208 1"23 1"29 1"66 1-65 
307 --0"75 0"82 --0-93 0-91 
405 --0-58 0.58 --0.80 0.81 
109 0.24 0.23 0.49 0.46 
500 --1.13 1.11 --1-59 1.55 
501 0-48 0-53 0-66 0.64 
502 --0.63 0.62 --0.92 0.86 
406 0-24 0-22 0.31 0.33 
209 --0-56 0.53 --0.80 0.81 
308 -- 1.42 1.43 -- 2.09 2-01 
503 0.22 0.18 0.35 0.31 

0,0,10 0-20 0.27 0-29 0.30 
: 1,0,10 --0.04 ~ 0.12 0-06 < 0.12 

504 --0.40 0.19 --0.61 0.61 
407 -- 0.23 0.23 -- 0.42 0.42 
309 --0-57 0.65 --0.78 0-75 
505 0.19 0.18 0.33 0.28 

2,0,10 0.30 0.23 0.47 0-46 
408 0-39 0-38 0.63 0.72 
506 --0-06 < 0.12 --0.10 < 0.12 

1,0,11 0.07 < 0.12 0.11 < 0.12 
600 0.47 0.38 0.74 0.59 
601 0.04 < 0.12 0.08 < 0.12 

* Experimental structure factors have been increased by 
- 2 . 5 %  at - 5 0  ° C. and by 0-5% at --150 ° C. from original 
scale, in accordance with least-squares scale factor. 

t These structure factors have been corrected for extinc- 
tion; the uncorrected values are 2.21, 3.25, 1.73 and 2.85. 

of t he  n o r m a l  equa t ions  were i n v e r t e d  to yield the  
precis ion measures  of t he  parameters .  

I n  the  case of bo th  sets of data ,  only  very  smal l  
changes  in pos i t ion  pa ramete r s  occurred,  bu t  the, 
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-~emperature factors changed significantly, and con- 
siderable a symmet ry  was indicated. The agreement 
factors decreased to 5.4% for - 5 0  ° C. data  and to 
4.6% for - 1 5 0  ° C. data. The lat ter  figure includes 
extinction-corrected values, and unobserved reflec- 
tions at one-half the m i n i m u m  observable value. If  
extinction-affected and unobservable reflections are 
omitted, the agreement factor is 3.55 %. 

Table 3 lists the input  and output  least-squares 
parameters  for the two sets of data. The temperature- 
factor coefficients are listed in the form 4#ij/bib# 
where #ij is a coefficient in expression (1) and bi is 
the corresponding reciprocal-axis length. In  this form, 
they  bear a close analogy to the conventional  Debye -  
Waller B" for symmetric motion 4A~/b~ = 4 # = / b ~  = 
4#aa/b ~ = B and 4#is/bibj = 2B cos Yii, i # j ,  where 7ij 
is the angle between reciprocal axes i and j .  

D i s c u s s i o n  

The qual i ty  of the agreement between experimental  
and  calculated structure factors shown in Table 4 
leaves little doubt  tha t  the half-hydrogen model is an 
essentially correct description of the long-range struc- 
ture of ice. The excellence of the Fourier map  which 
is based upon a sign determinat ion using this model is 
equal ly good evidence. No evidence for lower sym- 
met ry  than  tha t  of space group D~h was found. Thus 
it  seems evident tha t  a completely polar model of the 
Rundle  type cannot be maintained.  However, it is not 
possible to rule out entirely the existence of par t ia l ly  
polar structures in ice on the basis of the diffraction 
da ta  alone. One can conceive, for example, of a struc- 
ture depart ing from the Paul ing type by a tendency 
toward ordering of the protons in the O - H - O  links 
parallel  to the c axis. The m a x i m u m  amount  of such 
ordering allowed by  the present data  is roughly 
est imated at about 20%. However, since there is no 
substant ia l  evidence requiring a polar structure, 
fur ther  examinat ion  of this possibili ty does not appear  
just i f ied.  

In tera tomic distances and angles, as identif ied in 

Table 5. Interatomic distances and angles and their 
standard deviations* 

Distances (/~) 

0 - 0 '  
0 - 0 "  
O-D1t 
0-D2t 
DI-D 2 

D' D 2 -  2 

Angles 
0 ' - 0 - 0 "  
0" -0 -0""  
D~.-O-D~ 
DI-O-D~. 

--50 ° C. --150 ° C. 

2.752±0.008 2.755±0.006 
2. 765 ± 0-0002 2. 746 ± 0.0002 
1'000±0'009 0'9974-0'007 
1.007 4- 0.005 0" 997 =t:: 0.004 
1-635 =k 0.012 1.625± 0.009 
1.648::t= 0.009 1.632 4- 0.006 

109 ° 33'=1= 9' 109 ° 18'4- 7' 
109 ° 24'± 1' 109 ° 38'+ 1' 
109 ° 52'-4-16' 109 ° 54'-4-15' 
109 ° 6 '±18'  109 °11 '±13 '  

* The atoms are identified in Fig. 2. Standard deviations 
reflect parameter uncertainties only. 

~f This is the uncorrected O-D distance (see text). 

Fig. 2, are listed in Table 5 along with s tandard  error 
estimates. Correlated errors among the parameters,  
as given by the least-squares analysis,  were sometimes 

o.( )] 
, / c  0 

o~ 2"752 

~ , 2 : / 6 5  D~ 

1 
O -  ~D 

- 0 

Fig. 2. Structural relationships in one tetrahedron of the ice 
structure. The distances and angles are those at --50 ° C. 

appreciable and were taken into account. The error 
est imates reflect uncertainties in the parameters  only, 
i.e., the unit-cell  dimensions were assum.ed exact;  
thus some of the quantit ies,  for example the O-O"  
distance and the O " - 0 - 0 ' "  angle, have unrealist ical ly 
small  errors listed. After allowance for uncertaint ies  
in the cell dimensions, there appears to be r o signi- 
f icant  change in any  of the quanti t ies  with tempera- 
ture. Upon comparing chemical ly equivalent  bu t  
crystal lographically non-equivalent  distances and 
angles, only the pair  of angles D2-O-D 2 and D1-O-D9 
are possibly significantly different;  here the differences 
of 46' and 43' at  the two temperatures  are approx- 
imate ly  twice the combined s tandard deviations. At 
both temperatures  deuter ium atom D e lies, within 
about  one s tandard  error, on the corresponding O-O 
line. 

The O-D distances reported in Table 5 require 
special consideration in view of the large thermal  
ampli tudes  of deuter ium relative to oxygen. This 
motion results in an appreciable average angle of in- 
clination of the O-D vector with respect to the mean  
O-D direction. The apparent  distances listed in the 
table can thus be considered to represent the mean  
projections of the true distances. A reasonable es t imate  
of the true distances d can be given by 

42 = d~ + (/~3, ~ l -~o ,±) ,  

in which da is the apparent  or projected distance, and  
2 #~, ±,/~o, ± are the mean  square thermal  displacements 

of D and 0 perpendicular  to the mean  direction of 
O-D. A similar effect has been discussed for the C-C 
distance in benzene (Cox, Cruickshank & Smith,  1955). 
When  this correction is made, the distances become 

O-D 1 = 1.011 A, O-D~ = 1.015 J~ at  - 5 0  ° C., 
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and  

O-D 1 = 1.008/~, O-D 2 = 1.009/~ at - 1 5 0  ° C. 

The differences are not significant. The close equal i ty  
of crystal lographical ly non-equivalent  distances is 
evidence against  the possibil i ty of preferential  ordering 
of one set of hydrogen atoms. 

Thermal parameters 
The complete least-squares t r ea tment  carried out 

allows an unusual ly  complete description of the ther- 
mal  motion in ice. The temperature  coefficients which 
are listed in Table 3 give immedia te  indicat ion of 
a symmet ry .  I t  is to be noted tha t  while the oxygen 
temperature  motion is near ly  symmetric ,  tha t  of the 
deuter ium atoms is decidedly asymmetric .  The effect 
is somewhat  more marked  at the lower temperature.  
In  order to examine the anisotropy more closely a 
t ransformat ion to principal  axes of the thermal  ellip- 
soid (Waser, 1955) was carried out. The results are 
shown in Tables 6 and 7. Principal-axis  thermal  para- 
meters B (r) and root-mean-square displacements 

{#2(r))½ (which are related by  B = 8~r2# 2) at the two 

Table  6. Principal-axis coefficients and displacements 
--50 ° C. --150 ° C. 

Principal axis No. Principal axis No. 

Atom (1) (2) (3) (1) (2) (3) 

Values of B(r) (~2) 
O 2.39 2.39 2.29 1.52 1.52 1.47 
D~ 3.23 3.23 2.97 2.39 2.39 1.81 
Dg. 3.86 3.19 2.65 2.42 2.51 1.75 

Values of (~@)}½ (A) 

O 0.174 0.174 0.170 0.139 0.139 0.137 
D 1 0.202 0 - 2 0 2  0.194 0.174 0.174 0.152 
D~ 0.221 0 . 2 0 1  0.183 0 -175  0.178 0.149 

Table  7. Components of the principal-axis vectors q(V 
of D at 2~, ~, z resolved along the reciprocal axes bi 

--50 ° C. -- 150 ° C. 

"q(1) q(~) q(3)" " q(1) q(2) q(3)" 

b 1 1 --0.348 0.858 1 --0.188 1.500 
b 2 --2 0 0 --2 0 0 
b a 0 1 1 0 1 1 

temperatures  are listed in Table 6. The orientations 
of the ellipsoids of O and D 1 are determined by their  
location on a symmet ry  axis. The orientation of the 
thermal  ellipsoid for D 2 is described by  listing com- 
pon6nts (Table 7), resolved along the reciprocal axes, 
of vectors directed along the principal-axis directions. 
The results at - 1 5 0  ° C. are par t icular ly  striking. The 
vector q(1) represents the principal  axis required by  
s y m m e t r y  to be perpendicular  to the mirror plane, and 
thus  parallel  to direct crystal  axis b. Vectors q(2) 
and  q(3) lie in the mirror plane. The vector q(a) makes 
an  angle of 109 ° 22' with the z axis and is thus closely 

parallel  to the O-D~. bond direction. The root-mean- 
square displacement along this direction is the smallest  
of the three, and the other two displacements are 
near ly  equal. The near  equal i ty  of corresponding 

(~-~)½ values for the two types of deuterium is wor thy  
of note. The principal  root-mean-square displacements 
of deuter ium relative to oxygen essentially along the 
bond directions* are 0.0655+0.016 A for D 1 and 
0.0597/~ for D e. Assuming harmonic  motion, approx- 
imate  bond stretching frequencies m a y  be calculated 
for (O-D)1 and (O-D)~ yielding the values of 2200+538 
and 2660 cm. -1 respectively, which are of reasonable 
magnitude.  These grat ifying results are an indication 
of the increased information obtainable from accurate 
diffraction da ta  when complete ref inement  is under- 
taken. 

The results at  - 5 0  ° C., where thermal  motions are 
increased and parameters  less well determined, are 
qual i ta t ively  similar  to those at - 1 5 0  ° C. 'but quan- 
t i ta t ive ly  less striking. Close equal i ty  between the 
thermal  parameters  of D~ and D~. is no longer main- 
tained. Vector q(3) is no longer closely parallel  to the 
O-D~. direction; i t  lies in the mirror plane and inclined 
122 ° to the c axis, 13 ° to O-D e, and an error analysis  
indicates this incl ination to be significant. I t  would 
thus  appear tha t  some interact ion other t han  central  
valence forces plays a role' in f ixing the local symmet ry  
of thermal  displacement of D 2 at - 5 0  ° C. The dis- 
p lacement  normal  to the mirror plane, indicated by  
B (1), is now the largest principal  displacement,  sug- 
gesting l ibrat ional  motion of the water molecule about  
the c axis. The root-mean-square 's tretching'  displace- 
ment  of D x relat ive to oxygen at - 5 0  ° C. is 0.0924 
with a s tandard  error of 0.028 and is thus  not  signifi- 
cant ly  different from tha t  at  the lower temperature.  
On the whole, these results suggest a tendency toward 
greater dist inction between D1 and D e, noticeable in 
bond length and angle and in thermal  parameters.  
Tha t  this  tendency should appear at the higher tem- 
perature is somewhat  surprising; however the real i ty  
of the effect m a y  well be questioned. 

Precision of the determination 
I t  is of interest  to consider briefly the magni tudes  of 

errors associated with the present work. The overall  
measure of error used in the previous discussion, the 
agreement  factor, reached the acceptably low value 
of 3-55% at - 1 5 0  ° C. when doubtful  reflections were 
omitted. However, based on the exper imental  s tandard  
errors assigned in the weighting scheme, the factor 
might  have been expected to reach the neighborhood 
of 1.7 %. We m a y  make a somewhat  better  judgement  
of agreement  by  means of the function 

(~i wi(F°-Fc)21½~ / ' 

* Assuming the relative displacement is distributed inde- 
pendently of the position of O. 
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the standard deviation of an observation of unit 
weight estimated from the residuals. Here wi is the 
weight of the ith observation, m is the number of 
observations and n is the number of parameters. For 
appropriately weighted data and normally distributed 
observational errors, the expected value of this func- 
tion is unity. The values found in this work are 4.07 
and 4.41 at -150  ° C. and - 5 0  ° C. respectively. These 
deviations from unity are large, and in retrospect are 
believed to be indicative of under-estimation of the 
observational errors. The specimens used were un- 
usually large, both in height and diameter, and be- 
cause of manipulative difficulties were only approx- 
imately cylindrical. Under these circumstances, con- 
siderable errors in determination of structure factors, 
aside from those due to counting statistics, are con- 
ceivable. I t  is of course also possible that  the discrep- 
ancy reflects an inadequacy of the model in terms of 
which the data were evaluated. 

Diffuse neutron scattering 

While fhe present data seem to rule out rather 
conclusively long-range ordering of deuterium, it can- 
not be said that  the detailed nature of the disorder is 
known. Further evidence concerning the nature of the 
disorder should in principle be obtainable from anal- 
ysis of the diffuse background scattering of ice. Several 
diffuse maxima were observed in the neutron scattering 
from heavy ice at both temperatures, and an attempt 
was made to map in reciprocal space the regions of high 
diffuse scattering. Examination of the zero level of 
[01.0] gave evidence of maxima which were charac- 
terized by the approximate reciprocal-lattice directions 
(103), (100) and (102) and sin 0/~t equal approximately 
to 0.66, 0.63, and 0.57 respectively. An additional 
feature of the diffuse background was an isotropic 
component which decreased steadily with increasing 
angle. This pattern of diffuse scattering is not simply 
explained by considering only the main elements of 
disorder, i.e., the interactions between adjacent hy- 
drogen sites on hydrogen bonds and the interactions 
within one oxygen tetrahedron. I t  appears not unlikely 
that  inelastic scattering of neutrons may play a role 
in this effect. 

Note added in proof, 4 December 1956.--Gr~inieher 
(1956) recently suggested the possibility of polar 

domains within which the H atoms are ordered, these 
domains being randomly oriented with polar axis pa- 
rallel and antiparallel to c. If the domains are large 
enough to diffract coherently (far smaller than the 
microstructure quoted) the neutron intensities would 
be those for the disordered model found. Rundle's 
'non-classical, truly hexagonal' arrangement (Rundle, 
1955) would also be incompatible with the observed 
intensities. 

We should like to acknowledge much valuable di- 
cussion and criticism from Prof. V. Schomaker. 

R e f e r e n c e s  

BARNES, W.H. (1929). Proc. Roy. Soc. A, 125, 670. 
BJERRUM, N. (1952). Science, 115, 385. 
Cox, E.J . ,  CRUICKSHAI~-K, D. W . J .  & SMITH, J-. A. S. 

(1955). Nature, Lond. 175, 766. 
GIAUQUE, W.F.  & ASHLEY, M. (1933). Phys. Rev. 43, 

81. 
GRXNICHER, H. (1956). Helv. phys. Acta, 29, 213. 
International Tables for X-ray Crystallography (1952), 

vol. 1. Birmingham: Kynoch Press. 
LEVY, H.A. (1956). Acta Cryst. 9, 679. 
LIPSCOMB, W.N. (1954). J. Chem. Phys. 22, 344. 
M~soN, B.I .  & OWSTON, P.G. (1952). Phil. Mag. (7), 

43, 911. 
IVIEGAW, H.D. (1934). Nature, Lond. 134, 900. 
OWSTON, P.G. (1951). Quart. Rev. Chem. Soc., Lond. 5, 

344. 
OWSTON, P. G. (1953). J. Chim. Phys. 50 (supplement), 

C-13. 
PAULING, L. (1935). J. Amer. Chem. Soc. 57, 2680. 
PETERSON, S.W. & LEVY, H. A. (1951). J. Chem. Phys. 

19, 1416. 
PETERSON, S.W. & LEVY, H.A. (1952). J. Chem. Phys. 

20, 704. 
PITZER, K. S. & POLISSA~, J. (1956). J. Phys. Chem. 60, 

1140. 
PosT, B., SCHW~TZ, R.S. & FANXVCrrEN, I. (1951). 

l~ev. Sci. Instrum. 22, 218. 
ROSSMANN, F. (1950). Experientia, 6, 182. 
RUNDLE, R.E.  (1953). J. Chem. Phys. 21, 1311. 
R~DLE, R.E.  (1954). J. Chem. Phys. 22, 344. 
RUNDLE, R. E. (1955). J. Phys. Chem. 59, 680. 
STEINEMANN, S. (]953). Experientia, 9, 135. 
VEGA_~D, L. & HILLESUND, S. (1942). Avh. norske Vi- 

denskAkad. No. 8. 
WASER, J. (1955). Acta Cryst. 8, 731. 
WOLLAN, E. O., DAVIDSON, W. L. & SneLL, C. G. (1949). 

Phys. Rev. 75, 1348. 


